
Lower Bounds on the State Complexity of
Population Protocols∗

Philipp Czerner , Javier Esparza

{czerner, esparza}@in.tum.de
Department of Informatics, TU München, Germany

August 21, 2021

Population protocols are a model of computation in which an arbitrary
number of indistinguishable finite-state agents interact in pairs. The goal
of the agents is to decide by stable consensus whether their initial global
configuration satisfies a given property, specified as a predicate on the set of
configurations. The state complexity of a predicate is the number of states of
a smallest protocol that computes it. Previous work by Blondin et al. has
shown that the counting predicates x ≥ η have state complexity O(log η) for
leaderless protocols and O(log log η) for protocols with leaders. We obtain the
first non-trivial lower bounds: the state complexity of x ≥ η is Ω(log log log η)
for leaderless protocols, and the inverse of a non-elementary function for
protocols with leaders.

1. Introduction
Population protocols are a model of computation in which an arbitrary number of
indistinguishable finite-state agents interact in pairs to decide if their initial global
configuration satisfies a given property. Population protocols were introduced in [5,
6] to study the theoretical properties networks of mobile sensors with very limited
computational resources, but they are also very strongly related to chemical reaction
networks, a discrete model of chemistry in which agents are molecules that change their
states due to collisions.
Population protocols decide a property by stable consensus. Each state of an agent

is assigned a binary output (yes/no). In a correct protocol, all agents eventually reach
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the set of states whose output is the correct answer to the question “did our initial
configuration satisfy the property?”, and stay in it forever. An example of a property
decidable by population protocols is majority: initially agents are in one of two initial
states, say A and B, and the property to be decided is whether the number of agents in
A is larger than the number of agents in B. In a seminal paper, Angluin et al. showed
that population protocols can decide exactly the properties expressible in Presburger
arithmetic, the first-order theory of addition [9].

Assume that at each step a pair of agents is selected uniformly at random and allowed
to interact. The parallel runtime is defined as the expected number of interactions until
a stable consensus is reached (i.e. until the property is decided), divided by the number
of agents. Even though the parallel runtime is computed using a discrete model, under
reasonable and commonly accepted assumptions the result coincides with the runtime of
a continuous-time stochastic model. Many papers have investigated the parallel runtime
of population protocols, and several landmark results have been obtained. In [6] it was
shown that every Presburger property can be decided in O(n logn) parallel time, where n
is the number of agents, and [8] showed that population protocols with a fixed number of
leaders can compute all Presburger predicates in polylogarithmic parallel time. (Loosely
speaking, leaders are auxiliary agents that do not form part of the population of “normal”
agents, but can interact with them to help them decide the property.) More recent results
have studied protocols for majority and leader election in which the number of states
grows with the number of agents, and shown that polylogarithmic time is achievable by
protocols without leaders, even for very slow growth functions, see e.g. [2, 3, 4, 15, 18].

However, many protocols have a high number of states. For example, a quick estimate
shows that the fast protocol for majority implicitly described in [8] has tens of thousands
of states. This is an obstacle to implementations of protocols in chemistry, where the
number of states corresponds to the number of chemical species participating in the
reactions. The number of states is also important because it plays the role of memory
in sequential computational models; indeed, the total memory available to a protocol is
the logarithm of the number of states multiplied by the number of agents. Despite these
facts, the state complexity of a Presburger property, defined as the minimal number of
states of any protocol deciding the property, has received comparatively little attention1.
In [13, 12] Blondin et al. have shown that every predicate representable by a boolean
combination of threshold and modulo constraints (every Presburger formula can be put
into this form), with numbers encoded in binary, can be decided by a protocol with
polynomially many states in the length of the formula. In particular, it is not difficult
to see that every property of the form x ≥ η, stating that the number of agents is at
least η, can be decided by a leaderless protocol with O(log η) states. A theorem of [12]
also proves the existence of an infinite family of thresholds η such that x ≥ η can be
deciided by a protocol (with leaders) having O(log log η) states. However, to the best of

1Notice that the time-space trade-off results of [2, 3, 4, 15, 18] refer to a more general model in which
the number of states of a protocol grows with the number n of agents; in other words, a property is
decided by a family of protocols, one for each value of n. Trade-off results bound the growth rate
needed to compute a predicate within a given time. We study the minimal number of states of a
single protocol that decides the property for all n.
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our knowledge there exist no lower bounds on the state complexity, i.e. bounds showing
that a protocol for x ≥ η needs Ω(f(η)) states for some function f . This question, which
was left open in [13], is notoriously hard due to its relation to fundamental questions in
the theory of Vector Addition Systems.
In this paper we first show that every protocol, with or without leaders, needs a

number of states that, roughly speaking, grows like the inverse Ackermann function, and
then prove our main result: every leaderless protocol for x ≥ η needs Ω(log log log η)
states. The proof of the first bound relies on results on the maximal length of controlled
antichains of Nd, a topic in combinatorics with a long tradition in the study of Vector
Addition Systems and other models, see e.g. [22, 17, 1, 25, 10]. The triple logarithmic
bound requires to develop new theory for a generalisation of the antichain condition.

The paper is organised as follows. Section 2 introduces population protocols, the state
complexity function, and its inverse, the busy beaver function, which assigns to a number
of states n the largest η such that a protocol with n states decides x ≥ η. Instead of lower
bounds on state complexity, we present upper bounds on the busy beaver function for
convenience. Section 3 presents some results on the mathematical structure of stable sets
of configurations that are used throughout the paper. Section 4 shows an Ackermannian
upper bound on the busy beaver function, valid for protocols with or without leaders, and
explains why this very large bound might be optimal. Section 5 gives a triple exponential
upper bound on the busy beaver function for leaderless protocols.

2. Population Protocols and State Complexity
2.1. Mathematical preliminaries
For sets A,B we write AB to denote the set of functions f : B → A. If B is finite we call
the elements of NB multisets over B, and the elements of RB vectors of dimension |B|.
Arithmetic operations on vectors in RB are defined as usual, extending the vectors with
zeroes if necessary. For example, if B′ ⊆ B, x ∈ RB and y ∈ RB′ then x + y ∈ RB is
defined by (x+ y)b = xb + yb, where yb = 0 for every b ∈ B \B′. For x, y ∈ RB we write
x ≤ y if xi ≤ yi for all i ∈ B, and x � y if x ≤ y and x 6= y. Abusing language we identify
an element b ∈ B with the one-element multiset containing it, i.e. x ∈ NB with xb = 1
and xi = 0 for i 6= b. We also write |x| := ∑

b∈B xb for the total number of elements in a
multiset x ∈ NB, and 1 to denote the all-ones vector of appropriate dimension. Finally,
given a vector v ∈ Rk, we define ‖v‖1 = ∑k

i=1 |vi| and ‖v‖∞ = maxki=1 |vi|

2.2. Population protocols
We recall the population protocol model of [5, 7], with explicit mention of leader agents.
A population protocol is a tuple P = (Q,T, L,X, I,O) where Q is a finite set of states;
T ⊂ Q2 × Q2 is a set of transitions; L ∈ NQ is the leader multiset; X is a finite set
of input variables; I : X → Q is the input mapping; and O : Q → {0, 1} is the output
mapping.
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Inputs and configurations. An input is a multiset v ∈ NX such that |v| ≥ 2, and
a configuration is a multiset m ∈ NQ such that |m| ≥ 2. Intuitively, a configuration
represents a population of agents where m(q) denotes the number of agents in state q.
The initial configuration for input v is defined as IC (v) := L+∑x∈X v(x) · I(x). Abusing
language, throughout the paper we write IC (i) instead of IC (i · x) to denote the initial
configuration for input i ∈ N, if P has a unique input state {x} = X.

The output O(m) of a configuration m is b if m(q) ≥ 1 implies O(q) = b for all q ∈ Q,
and undefined otherwise. So a population has output b if all agents have output b.

Executions. A transition t = ((p, q), (p′, q′)) is enabled in a configuration m if m ≥ p+q,
and disabled otherwise. As |m| ≥ 2, every configuration enables at least one transition.
If t is enabled in m, then it can be fired leading to configuration v := m− p− q + p′ + q′,
which we denote m t−→ v. Given a sequence σ = t1t2...tn of transitions, we write m σ−→ v

if there exist configurations m1,m2, ...,mn such that m t1−→ m1
t2−→ m2 · · ·mn

tn−→ m′, and
m ∗−→ m′ if m σ−→ m′ for some sequence σ ∈ T ∗. For every set of transitions T ′ ⊆ T , we
write m T ′−→ m′ if m t−→ m′ for some t ∈ T ′, and m T ′∗−−→ m′ if m σ−→ m′ for some sequence
σ ∈ T ′∗. Given a set M of configurations, m ∗−→ M denotes that m ∗−→ m′ for some
m′ ∈M .

An execution is a sequence of configurations σ = m0m1... such thatmi −→ mi+1 for every
i ∈ N. The output O(σ) of σ is b if there exist i ∈ N such that O(mi) = O(mi+1) = ... = b,
otherwise O(σ) is undefined.
Executions have the monotonicity property: If m0m1m2... is an execution, then for

every configuration D the sequence (m0 +m)(m1 +m)(m2 +m)... is an execution too.
We often say that a statement holds “by monotonicity” , meaning that it is a consequence
of the monotonicity property.

Computations. An execution σ = m0m1... is fair if for every configuration m the
following holds:

if |{i ∈ N : mi
∗−→ m}| =∞, then |{i ∈ N : mi = m}| =∞

In other words, fairness ensures that an execution cannot avoid a configuration forever.
We say that a population protocol computes a predicate ϕ : NX → {0, 1} (or decides
the property represented by the predicate) if for every v ∈ NX every fair execution
σ starting from IC (v) satisfies O(σ) = ϕ(v). Two protocols are equivalent if they
compute the same predicate. It is known that population protocols compute precisely
the Presburger-definable predicates [9].

Example 2.1. Let Pk = (Q,T, 0, {x}, I, O) be the protocol where Q := {0, 1, 2, 3, ..., 2k},
I(x) := 1, O(a) = 1 iff a = 2k, and for each a, bßkQ the set T of transitions contains
((a, b), (0, a+ b)) if a+ b < 2k, and ((a, b), (2k, 2k)) if a+ b ≥ 2k. It is readily seen that
Pk computes x ≥ 2k with 2k + 1 states. Intuitively, each agent stores a number, initially
1. When two agents meet, one of them stores the sum of their values and the other one
stores 0, with sums capping at 2k. Once an agent reaches this cap, all agents eventually
get converted to 2k.
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Now, consider the protocol P ′k = (Q′, T ′, 0, {x}, I ′, O′), where Q′ := {0, 20, 21, ..., 2k},
I ′(x) := 20, O′(a) = 1 iff a = 2k, and T ′ contains ((2i, 2i), (0, 2i+1)) for each 0 ≤ i < k,
and ((a, 2k), (2k, 2k)). for each a ∈ Q′ It is easy to see that P ′k also computes x ≥ 2k, but
more succinctly: While Pk has 2k + 1 states, P ′k has only k + 1 states.

Leaderless protocols. A protocol P = (Q,T, L,X, I,O) is leaderless if L = 0, and has
|L| leaders otherwise. Protocols with leaders and leaderless protocols compute the same
predicates [9]. For L = 0 we have

λIC (v) + λ′IC (v′) = λ

(
L+

∑
x∈X

v(x) · I(x)
)

+ λ′
(
L+

∑
x∈X

v′(x) · I(x)
)

= λ
∑
x∈X

v(x) · I(x) + λ′
∑
x∈X

v′(x) · I(x)

= IC (λv + λ′v′)

for all inputs v, v′ and λ, λ′ ∈ N. In other words, any linear combination of configura-
tions with natural coefficients is also an initial configuration.

2.3. State complexity of population protocols
Informally, the state complexity of a predicate is the minimal number of states of the
protocols that compute it. We would like to define the state complexity function as the
function that assigns to a number ` the maximum state complexity of the predicates of
size at most `. However, defining the size of a predicate requires to fix a representation.
Population protocols compute exactly the predicates expressible in Presburger arithmetic
[9], and so there are at least three natural representations: formulas of Presburger
arithmetic, existential formulas of Presburger arithmetic, and semilinear sets [19]. Since
the translations between these representations involve superexponential blow-ups, we
focus on threshold predicates of the form x ≥ η, for which the size of the predicate is the
size of η, independently of the representation. We choose to encode numbers in unary,
and so we define STATE(η) as the number of states of the smallest protocol computing
x ≥ η.

The inverse of STATE(η) is the function that assigns to a number n the largest η such
that a protocol with n states computes x ≥ η. Recall that the busy beaver function
assigns to a number n the largest η such that a Turing machine with n states started on
a blank tape writes η consecutive ones on the tape and terminates. Due to this analogy,
we call the inverse of the state complexity function the busy beaver function, and call
protocols computing predicates of the form x ≥ η busy beaver protocols, or just busy
beavers.

Definition 2.2. The busy beaver function BB : N→ N is defined as follows: BB(n) is
the largest η ∈ N such that the predicate x ≥ η is computed by some leaderless protocol
with at most n states. The function BBL(n) is defined analogously, but for general
protocols, possibly with leaders.
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In [13] Blondin et al. give lower bounds on the busy beaver function:

Theorem 2.3 ([13]). For every number of states n: BB(n) ∈ Ω(2n) and BBL(n) ∈
Ω(22n).

However, to the best of our knowledge no upper bounds have been given.

3. Mathematical Structure of Stable Sets
A set M of configurations is downward closed if m ∈M and m′ ≤ m implies m′ ∈M . A
pair (µ, S), where µ is a configuration and S ⊆ Q, is a base element of M if µ+NS ⊆M .
A base of M is a finite set B of base elements such that M = ⋃

(µ,S)∈B(µ + NS). It
is well-known (an easy consequence of Dickson’s lemma), that every downward-closed
set of configurations has a base. We define the norm of a base element (µ, S) as
‖(µ, S)‖∞ := ‖µ‖∞, and the norm of a base as the maximal norm of its elements. We
apply these notions to the stable configurations of the protocol:

Definition 3.1. Let b ∈ {0, 1}. A configuration m is b-stable if O(m′) = b for every
configuration m′ reachable from m. The set of b-stable configurations is denoted SC b.

It follows easily from the definitions that a population protocol computes a predicate
ϕ : NX → {0, 1} iff every configuration m with IC (v) ∗−→ m fulfils m ∗−→ SC 0, if ϕ(v) = 0,
and m ∗−→ SC 1, if ϕ(v) = 1.

Lemma 3.2. Let P be a protocol with n states. For every b ∈ {0, 1} the set SC b is
downward closed and has a base of norm at most 22(2n+1)!+1. In particular, SC b has a
base with at most ϑ(n) := 2(2n+2)! elements.

Proof. We prove that SC b is downward closed by showing that its complement SC b is
upward closed. Assume m ∈ SC b and m′ ≥ m. We prove m′ ∈ SC b. Since m ∈ SC b we
have m ∗−→ m′′ for some m′′ such that O(m′′) 6= b. By monotonicity, m′ = m+(m′−m) ∗−→
m′′ + (m′ −m), and since O(m′′) 6= b we have O(m′′ + (m′ −m)) 6= b. So m′ ∈ SC b.

For the second part, let β := 22(2n+1)! and fix a b-stable configuration m. Let S := {q ∈
Q : mq > 2β}, and define µ ≤ m as follows: µi := mi for i /∈ S and µi := 2β for i ∈ S.
Since µ ≤ m and m is b-stable, so is µ. We show that (µ, S) is a base element of SC b,
which proves the result. Assume the contrary. Then some configuration m′ ∈ µ+ NS is
not b-stable. So m′ ∗−→ m′′ for some m′′ satisfying m′′(q) ≥ 1 for some state q ∈ Q with
O(q) 6= b; we say that m′′ covers q. By Rackoff’s Theorem [24], m′′ can be chosen so
that m′ σ−→ m′′ for a sequence σ of length 22O(n) ; a more precise bound is |σ| ≤ β (see [16,
Theorem 3.12.11]). Since a transition moves at most two agents out of a given state, σ
moves at most 2β agents out of a state. So, by the definition of µ, the sequence σ is also
executable from µ, and also leads to a configuration that covers q. But this contradicts
that µ is b-stable.
To prove the bound on the number of elements of the base, observe that the number

of pairs (µ, S) such that µ has norm at most k and S ⊆ Q is at most (k + 2)n. Indeed,
for each state q there are at most k + 2 possibilities: q ∈ S, or q /∈ S and 0 ≤ µ(q) ≤ k.
So ϑ ≤ (22(2n+1)!+1 + 2)n ≤ 2(2n+2)!.
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From now on we use the following terminology:

Definition 3.3. A b-base is a base of SC b which has norm at most 22(2n+1)!+1, and its
elements are called b-base elements.

4. A General Upper Bound on the Busy Beaver Function
Our general strategy to find upper bounds for the busy-beaver function BBL(n) is as
follows:
(1) We prove a “Pumping Lemma” stating that if a protocol rejects two inputs a < b

satisfying certain conditions, then it rejects all inputs of the form a+ λ(b− a), for
every λ ≥ 0, and so it does not compute the predicate x ≥ η.

(2) Using the Pumping Lemma, we reduce the existence of the inputs a and b to the
existence of a finite sequence of vectors of dimension n satisfying certain purely
combinatorial properties; the size of b is linked to the length of the sequence.

(3) We call a sequence satisfying the combinatorial properties bad (since its existence
implies that the protocol does not compute x ≥ η), and good otherwise. We provide
a bound B(n) on the maximal length of good sequences.

It follows from (1)-(3) that a protocol with n states cannot compute x ≥ η for any
η ≥ B(n). Indeed, if η ≥ B(n) then every sequence of vectors of dimension n and length
η is bad. So the sequence satisfies the conditions of the Pumping Lemma, and so the
protocol rejects all inputs of the form a+ λ(b− a).
In this section we apply this strategy to obtain an upper bound on BBL(n). In the

next section we apply it again, in a more sophisticated way, to obtain a better upper
bound for BB(n).

Fix a protocol Pn = (Q,T, 0, {x}, I, O) with |Q| = n. We start by stating and proving
the Pumping Lemma.

Lemma 4.1 (Pumping Lemma). If there exist inputs a and b, a 0-base element (µ, S),
and configurations ma,mb ∈ µ+ NS satisfying (1) ma ≤ mb, (2) IC (a) ∗−→ ma, and (3)
ma + IC (b− a) ∗−→ mb, then P rejects a+ λ(b− a) for every λ ≥ 0.

Proof. We first claim that ma + IC (λ(b− a)) ∗−→ ma + λ(mb −ma) holds for every λ ≥ 0.
The proof is by induction on λ. The basis λ = 0 is trivial. For the induction step let
λ ≥ 1. We have

IC (a+ λ(b− a)) = IC (a) + IC (b− a) + IC ((λ− 1)(b− a))
∗−→ ma + IC (b− a) + IC ((λ− 1)(b− a)) (2)
∗−→ ma + (mb −ma) + IC ((λ− 1)(b− a)) (3)
∗−→ mb + (mb −ma) + (λ− 1)(mb −ma) (IH)
= ma + λ(mb −ma)

and the claim is proved. By (1) and ma,mb ∈ µ+NS we have ma+λ(mb−ma) ∈ µ+NS
for every λ ≥ 0. So, by (2) and the claim, SC 0 is reachable from IC (a+ λ(b− a)) for
every λ ≥ 0. So P rejects 0 for every input a+ λ(b− a).
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Our goal now is to find a bound B(n) such that for every protocol with at most n
states there are inputs a < b ≤ B(n) rejected by the protocol and satisfying conditions
(1)-(3) of the Pumping Lemma. For this, observe that for every rejected input i we
have IC (i) ∗−→ mi for some configuration mi ∈ SC 0, and so mi ∈ µi + NSi for some
0-base element (µi, Si). The triple (µi, Si,mi) can be seen as a “rejection certificate” for
i. The certificate can be verified by checking that mi ∈ µi +NSi , and finding σ such that
IC (i) σ−→ mi.

Definition 4.2. For every rejected input 2 ≤ i ≤ η − 1, the triple cert(i) := (µi, Si,mi)
is the (rejection) certificate of i. We call (µi, Si) the type of cert(i). The certificate
sequence of P is the sequence cert(2)cert(3)...cert(η − 1).

The conditions of the Pumping Lemma can now be reformulated as follows: there are
two inputs a, b such that their certificates have the same type and satisfy conditions (1)
and (3).

Lemma 3.2 shows that there are at most ϑ(n) := 2(2n+2)! types of certificates. Therefore,
if the number of rejected inputs exceeds ϑ(n), then there are two inputs a, b such that
cert(a) and cert(b) have the same type, and so satisfy condition (2) of the Pumping
Lemma. However, their certificates need not yet satisfy conditions (1) and (3). To solve
the latter, we will construct the certificate sequence in a specific manner, by extending
the previous certificate to get to the next. For the former, we examine the certificate
sequence in more detail. More precisely, we examine the sequence m2m3 · · ·mη−1. Using
the terminology of [17], it is a linearly controlled sequence, meaning that there is a linear
control function f : N → N satisfying |mi| ≤ f(i). Indeed, since IC (i) ∗−→ mi, we have
|mi| = |IC (i)| = |L|+ i, and so we can take f(n) = |L|+n. This allows us to use a result
on linearly controlled sequences from [17]. Say a finite sequence v0, v1, · · · , vs of vectors
of the same dimension is bad if there are two indices 0 ≤ i1 < i2 ≤ s such that vi1 ≤ vi2 .2
Dickson’s Lemma shows that every infinite sequence of vectors contains a bad prefix, and
the result extends from two to three or any other finite number of indices i1 < i2 < ....

The maximal length of good linearly controlled sequences has been studied in [22, 17, 10],
and the results have been used to bound the runtime of algorithms to check properties
of a number of computational models, including Vector Addition Systems, and Counter
Machines [21]. The following lemma follows easily from results of [17]:

Lemma 4.3. [17] For every δ ∈ N and for every elementary function g : N→ N, there
exists a function Fδ,g : N→ N at level Fω of the Fast Growing Hierarchy satisfying the
following property: For every infinite sequence v0, v1, v2... of vectors of Nn satisfying
|vi| ≤ i+ δ, there exist i0 < i1 < ... < ig(n) ≤ Fδ,g(n) such that vi0 ≤ vi1 ≤ · · · ≤ vg(n).

For the definition of the Fast Growing Hierarchy see [17]. For our purposes it suffices
to know that Fω contains functions that, crudely speaking, grow like the Ackermann
function. Using the lemma we obtain:

2Unfortunately, in [17] bad sequences are called “good”. We risk this confusion to maintain the convention
that a bad sequence is a witness of the fact that the protocol does not compute x ≥ η.
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Theorem 4.4. Let P be a population protocol with n states and ` leaders computing a
predicate x ≥ η for some η ≥ 2. Then η < F`,ϑ(n), where ϑ(n) is the function of Lemma
3.2.

Proof. We inductively define a sequence m2,m3,m4... of configurations of SC 0 ∪ SC 1
satisfying:
(i) IC (i) ∗−→ mi for every n ≥ 2.
(ii) mi + (j − i) · I(x) ∗−→ mj for every 2 ≤ i ≤ j.

(Observe that mi + (j − i) · I(x) is the result of adding (j − i) agents in state I(x)
to mi.)

Since P computes x ≥ η, for every i ≥ 2 every fair run of P starting at IC (i) eventually
reaches SC 0 or SC 1 (depending on whether i < η or i ≥ η), and stays there forever. We
define m2,m3,m4, .... First, we let m2 be any configuration of SC 0 ∪ SC 1 reachable from
IC (2). Then, for every i ≥ 2, assume that mi has already been defined and satisfies
IC (i) ∗−→ mi. Observe that IC (i+ 1) = IC (i) + I(x). Since IC (i) ∗−→ mi, we also have
IC (i+ 1) = IC (i) + I(x) ∗−→ mi + I(x). This execution can be extended to a fair run,
which eventually reaches SC 0 ∪ SC 1. Let mi+1 be any configuration of SC 0 ∪ SC 1
reachable from mi + I(x).
Let us show that m2,m3,m4... satisfies (i) and (ii). Property (i) holds for m2 by

definition, and for i ≥ 2 because IC (i+ 1) = IC (i) + I(x) ∗−→ mi + I(x) ∗−→ mi+1. For
property (ii), by monotonicity and the definition of mi we have for every 2 ≤ i ≤ j:

mi + (j − i) · I(x) ∗−→ mi+1 + (j − i− 1) · I(x) ∗−→ · · · ∗−→ mj−1 + I(x) ∗−→ mj

Assume η > F`,ϑ(n). By Lemma 4.3 there exist ϑ(n) + 1 indices i0 < i1 < ... < iϑ(n) ≤
F`,ϑ(n) such that mi0 ≤ mi1 ≤ · · · ≤ miϑ(n) . Since P computes x ≥ η, every mij belongs
to SC 0. By the definition of ϑ and the pigeonhole principle, there are a < b and a 0-base
element (µ, S) such that mia ,mib ∈ µ+NS . Rename a := ia and b := ib. By property (ii)
we have ma + (b− a) · I(x) ∗−→ mb. Since ma,mb ∈ µ+ NS , applying Lemma 4.1 we get
that P rejects a+ λ(b− a) for every λ ≥ 0. This contradicts that P computes x ≥ η.

4.1. Is the bound optimal?
The function F`,ϑ(n) grows so fast that one can doubt that the bound is even remotely
close to optimal. However, recent results show that this would be less strange than it
seems. If a protocol P computes a predicate x ≥ η, then η is the smallest number such
that IC (η) ∗−→ SC 1. Therefore, letting BBP(n) denote the busy beaver protocols with at
most n states, and letting SCP1 and ICP denote the set SC 1 and the initial mapping of
the protocol P, we obtain:

BBL(n) = max
P∈BBP(n)

min{i ∈ N | ∃m ∈ SCP1 : ICP(i) ∗−→ m}

Consider now a deceptively similar function. Let All1 be the set of configurations m such
that O(m) = 1, i.e. all agents are in states with ouput 1. Further, let PP(n) denote the

9



set of all protocols with alphabet X = {x}, possibly with leaders, and n states. Notice
that we include also the protocols that do not compute any predicate. Define

f(n) = max
P∈PP(n)

min{i ∈ N | ∃m ∈ AllP1 : ICP(i) ∗−→ m}

Using recent results in Petri nets and Vector Addition Systems [14, 20] it is easy to prove
that f(n) grows faster than any elementary function3. However, a recent result [11] by
Balasubramanian et al. shows f(n) ∈ 2O(n) for leaderless protocols.

These results suggest that a non-elementary bound on BBL(n) might well be optimal.
However, in the rest of the paper we prove that this can only hold for population protocols
with leaders. We show BB(n) ∈ 222O(n)

, i.e. leaderless busy beavers with n states can
only compute predicates x ≥ η for numbers η at most triple exponential on n.

The scheme of the proof is similar to that of Theorem 4.4. In particular, we also rely
on a lemma bounding the length of certain good sequences of vectors. However, the
definition of a good sequence is a different one, which to the best of our knowledge has
not been studied yet. Therefore, instead of resorting to [17] we develop the machinery to
prove the lemma by ourselves.

5. An Upper Bound for Leaderless Protocols
The main property of leaderless protocols, already mentioned in Section 2, is that, loosely
speaking, initial configurations are closed under linear combinations:

λIC (i) + λ′IC (j) = IC (λi+ λ′j) for every i, j, λ, λ′ ∈ N

This extends to executions: If IC (i) ∗−→ mi and IC (j) ∗−→ mj , then IC (λi+ λ′j) ∗−→
λmi+λ′mj . We make use of this property throughout the section without explicit mention.
Observe also that even if the coefficients of the linear combination are nonnegative rationals
we can always multiply them by a suitable constant and obtain an execution.

We reuse the proof strategy described at the beginning of Section 4. In Section 5.1 we
state and prove a Pumping Lemma showing that under certain conditions the protocol
rejects infinitely many inputs, contradicting that it computes x ≥ η. In Section 5.2 we
introduce QCT -sequences of vectors, and show that a bound on the length of the so
called good QCT -sequences implies a bound on η. Finally, Section 5.3 derives a bound
on the length of good QCT -sequences.

Notation. For the rest of the section we fix a leaderless population protocol P =
(Q,T, ∅, {x}, I, O) with n states.

3The paper [20] considers protocols with one leader, and studies the problem of moving from a
configuration with the leader in a state qin and all other agents in another state rin, to a configuration
with the leader in a state qf and all other agents in state rf . The paper uses results from [14] to
show that the smallest number of agents for which this is possible grows faster than any elementary
function in the number of states of the protocol.
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5.1. A Pumping Lemma
We first introduce some preliminaries, then formulate a first version of the Pumping
Lemma (Lemma 5.3), and then strengthen it, yielding the final version (Lemma 5.6).

Potential reachability and a first Pumping Lemma.

Let t be a transition, i.e. t = ((p, q), (p′, q′)). By the definition of the reachability relation,
for every two configurations m,m′, if m t−→ m′ then m′ = m − p − q + p′ + q′. This
motivates the following definition:

Definition 5.1. Let t = ((p, q), (p′, q′)) be a transition. The effect of t is the vector
∆(t) := q′ + r′ − q − r ∈ ZQ. Given a sequence σ = t1...tn, we denote its Parikh vector
−→σ := ∑

t∈σ t ∈ NT as the vector mapping each transition to its number of occurrences in
σ. We can then define the effect of σ as ∆(σ) := ∑

t∈T (−→σ )t∆(t) = ∑
t∈σ ∆(t).

Observe that, since a transition only involves two agents, all components of ∆(t) lie in
the interval [−2, 2]. Further, observe that m σ−→ m′ implies m′ = m+ ∆(σ). In particular,
m′ depends only on the effect of σ. We introduce some useful notations:

Definition 5.2. For every sequence σ ∈ T ∗ of transitions, we write m σ=⇒ m′ if m′ =
m+ ∆(σ). Further, we write m ∗=⇒ m′ if there exists σ such that m σ=⇒ m′, and say that
m′ is potentially reachable from m.

We make the following observations:
• If m σ−→ m′ then m σ=⇒ m′, but the converse does not hold in general.

• For fixed configurations m,m′, whether m σ−→ m′ holds or not depends only on the
Parikh vector −→σ .

• If m σ=⇒ m′ and m ≥ 2|σ|, then m σ−→ m′. This follows immediately from the fact
that each transition moves exactly two agents.

We formulate a first version of a pumping lemma, which we will then strengthen.

Lemma 5.3. If there is γ ∈ N and inputs s0, a, b ∈ N such that
(1) IC (s0) ∗−→ m for some m ≥ 2γ,
(2) m+ IC (a) ∗−→ µ+ NS for some 0-base element (µ, S), and
(3) IC (b) σ=⇒ NS for some σ such that |σ| ≤ γ,

then P rejects (s0 + a+ λb) for every λ ≥ 0.

Proof. By (2) and (3) there exist configurations v, u ∈ NS s.t. m+ IC (a) ∗−→ µ+ v and
IC (b) σ=⇒ u. Since a transition removes at most two agents from a state, and we have
m ≥ 2γ and |σ| ≤ γ, the sequence σ is enabled at m, and so also at m+ IC (b). By (3)
we obtain m+ IC (b) σ−→ m+ u. So we get
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IC (s0 + a+ λb) = IC (s0) + IC (a) + λIC (b)
∗−→ m+ IC (a) + λIC (b)
∗−→ m+ IC (a) + (λ− 1)IC (b) + u
∗−→ · · · ∗−→ m+ IC (a) + λu (1)
∗−→ µ+ v + λu (2)

Since (µ, S) is a 0-base element and v, u ∈ NS , we have µ + v + λu ∈ SC 0, and so P
rejects (s0 + a+ λb).

A stronger pumping lemma.

In the rest of the section we show that Lemma 5.3 can be strengthened by fixing the
values of γ and s0, that is, one only needs to look for inputs a and b in order to “pump”.
We first show that the sequence σ can always be chosen of size at most (n+ 1)64n.

Lemma 5.4. If IC (i) ∗=⇒ NS for some input i ≥ 2 then IC (j) σ=⇒ NS for some input
j ≥ 2 and a sequence σ of length at most (n+ 1)64n.

Proof. We construct a linear system of inequalities, any integer solution of which will
yield a desired sequence σ with IC (j) σ=⇒ NS for some j. Then we apply a well-known
bound, showing that a small solution exists.
To construct this system, we use what is known in the analysis of Petri nets as the

marking equation (see e.g. [23]). Since the order of transitions in σ does not matter,
we consider the Parikh vector −→σ = ∑

t∈σ t ∈ NT of σ, as defined above. Defining
A : Q× T → Z as the matrix where the t-th column is precisely ∆(t) for t ∈ T , we get
that the effect of the whole sequence is simply ∆(σ) = A−→σ .
Therefore the statement IC (j) σ=⇒ NS is equivalent to the following system of linear

inequalities over the vector u of variables, where vi := (Ait)t∈T denotes the i-th row of
A, for i ∈ Q, and x ∈ Q the unique initial state of P:

∃u ∈ NT : v>x u ≤ −1
v>i u = 0 for all i ∈ Q \ S, i 6= x

v>i u ≥ 0 for every i ∈ S, i 6= x

We know that the above system has a solution for u, so it also has an integer solution
with coefficients at most γ = (n2 + 1)4n. This bound follows from a result by von zur
Gathen and Sieveking [27], combined with the estimate that for any submatrix of A
its determinant has absolute value at most 4n. The bound on the determinants follows
directly from a suitable Laplace expansion of the columns, as each transition t ∈ T
has ‖∆(t)‖1 ≤ 4. Since there are |T | ≤ n4 different transitions, the total number of
transitions in σ is at most n4(n2 + 1)4n ≤ (n+ 1)64n

This allows us to fix γ := (n+ 1)64n. Now we fix s0. We prove a lemma showing that
for every number γ there is an input from which we can reach a configuration with at
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least γ agents in each state (we assume wlog that every state can be populated from
some input, otherwise we can remove the state). The proof is in the Appendix.

Lemma 5.5. For every γ ∈ N there exists an s0 ≤ γn2n such that IC (s0) ∗−→ m for some
configuration m ≥ γ.

This allows us to fix s0 := γn2n ≤ (n+ 1)723n. So together with Lemma 5.3 we finally
get:

Lemma 5.6 (Pumping Lemma). Let γ := (n + 1)64n and s0 := γn2n. Let mγ be a
configuration satisfying mγ ≥ γ and IC (s0) ∗−→ mγ, which exists by Lemma 5.5. If there
exist inputs a, b ≥ 2 such that

1. mγ + IC (a) ∗−→ µ+ NS for some 0-base element (µ, S), and

2. IC (b) ∗=⇒ NS,

then P rejects (s0 + a+ λb) for every λ ≥ 0.

5.2. QCT -sequences
As we did in Section 4, we define a notion of certificate that an input is rejected, in this
case an input larger than s0. Assume P computes x ≥ η. By Lemma 5.5, for every i
with s0 + i ≤ η there exist sequences of transitions σi and πi, a 0-base element (µi, Si)
and a configuration mi ∈ NSi such that

IC (s0 + i) σi−→ Cγ + IC (i) πi−→ µi +mi (1)

Further, for every i we can assume that the sequence σi πi has minimal length and, by
Lemma 3.2, that (µi, Si) has norm at most 22(2n+1)!+1. Observe that execution (1) proves
IC (s0 + i) ∗−→ SC 0, and so that P rejects s0 + i. We define the rejection certificate of i as
follows.

Definition 5.7. Let ` := η− 1− s0, and let i = 1, ..., `. The (rejection) certificate of i is
the tuple cert(i) := (µi, Si,mi, pvi), where µi, Si,mi are as in (1), and pvi is the Parikh
vector of the sequence σi πi, defined as the mapping pvi : T → N that assigns to every
transition the number of times it occurs in σi πi. Further, we say that Si is the colour of
i. The certificate sequence of P is the sequence cert = cert(1)cert(2)...cert(`).

Observe that the type of a certificate (µi, Si,mi, pvi) is NQ × 2Q × NQ × NT , with the
constraint that for every q /∈ Si we have mi(q) = 0.

In Section 4 we saw that the certificates introduced there were good linearly controlled
sequences, which allowed us to use existing results. For leaderless protocols we proceed
in the same way, with the difference that now we cannot resort to the literature, but
have to develop the theory ourselves.
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Controlled QCT -sequences.

We first show that Cert is also a controlled sequence in a certain sense. The proof is
straightforward and can be found in the Appendix.

Lemma 5.8. Let Cert = cert(1)...cert(`) be the certificate sequence of P, where cert(i) =
(µi, Si,mi, pvi). We have ‖µi‖1 ≤ n22(2n+1)!+1, ‖µi‖1+‖mi‖1 = s0+i, and ‖µi‖1+‖mi‖1+
‖pvi‖1 ≤ (s0 + i)n for all i = 1, ..., `.

Lemma 5.8 motivates the next definition:

Definition 5.9. Let Q,C, T be disjoint finite sets of states, colours, and transitions. A
QCT -tuple is a fourtuple qct = (µ, c,m, pv), where µ,m ∈ NQ, c ∈ C, and pv ∈ NT .
A QCT -sequence is a finite sequence of certificates. A QCT -sequence τ = qct1, ..., qct`,
where qcti = (µi, ci,mi, pvi) is controlled if there are constants s0, α, β such that ‖µi‖∞ ≤
β, ‖µi‖1 + ‖mi‖1 = s0 + i, and ‖µi‖1 + ‖mi‖1 + ‖pvi‖1 ≤ (s0 + i)α for all 0 ≤ i ≤ `. We
call s0, α, β the control parameters of τ and write I(c) := {i : ci = c} for the indices of
elements with colour c ∈ C.

We can now reformulate Lemma 5.8 as:

Corollary 5.10. Cert is a controlled QCT -sequence with C = 2Q, and control parameters
s0 ≤ (n+ 1)723n, α = n and β = n22(2n+1)!+1.

Linear combinations and good controlled QCT -sequences.

We now show that Cert satisfies a property playing the same role as “goodness” of linearly
controlled sequences, but stronger. Intuitively, this makes it much harder to produce long
good sequences, which leads to a triple exponential bound instead of a non-elementary
one.

Definition 5.11. Let qct1, ..., qcts be certificates of the same colour c, where qcti =
(µi, c,mi, pvi). A tuple (µ,m, pv) ∈ RQ×RQ×RT is a linear combination of qct1, ..., qcts
if there are coefficients λ1, ..., λs ∈ R such that we have (µ,m, pv) = ∑s

i=1 λi(µi,mi, pvi) .
Let τ = (qcti)i=1,...,` be a QCT -sequence. A colour c ∈ C is bad if there is a linear

combination qct = (µ,m, pv) of (qcti)i∈I(c) such that µ = 0, m  0, and pv ≥ 0. A
QCT -sequence is bad if at least one colour is bad, and good otherwise.

Before showing that Cert is a good QCT -sequence, let us give some intuition for this
definition. First of all, let us compare the bad sequences of Section 4 with the ones of
Definition 5.11. In Section 4, certificates were triples (µi, ci,mi), while now they have an
extra component (µi, ci,mi, pvi). To ease the comparison, ignore the pv component for
the moment. A sequence of certificates is bad in the sense of Section 4 if there are indices
i < j such that ci = cj (i.e. the certificates have the same colour), µi = µj , and mj ≥ mi.
So we have µj−µi = 0 and mj−mi ≥ 0, which implies mj−mi  0 (if mj−mi = 0 then
µi +mi = µj +mj , which can only occur if i = j). It follows that the linear combination
(µ,m, pv) := −(µi,mi, pvi) + (µj ,mj , pvj) satisfies the conditions of Definition 5.11, and
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so the sequence is also bad in the sense of this definition. But Definition 5.11 is far more
permissible. The sequence is still bad if, for example, we find indices i1, i2, j1, j2 whose
certificates have the same colour and µ-component, and satisfy mj1 +mj2 ≥ mi1 +mi2 ;
more generally, it is even enough to find (distinct) multisets of indices I and J satisfying
|I| = |J | and ∑i∈J mj ≥

∑
i∈I mi. So, loosely speaking, while in Section 4 we must wait

until we see mi ≤ mj for some indices i < j to declare badness, now it suffices to find
two multisets I and J of the same size satisfying ∑i∈I mi ≤

∑
j∈J mj . Intuitively, this

makes it much harder to construct a long good sequence, leading to a triple exponential
bound on the maximal length of good sequences, instead of the non-elementary bound of
Section 4.

Lemma 5.12. Cert is a good QCT -sequence.

Proof. Assume Cert is bad. Then there is a bad colour c and a linear combination
(µ,m, pv) of {cert(i) : i ∈ I(c)} that satisfies the conditions of Definition 5.11. We
prove that there exist inputs a and b fulfilling the conditions of the Pumping Lemma
(Lemma 5.6), which contradicts the assumption that P computes x ≥ η.

Let (µi, c,mi, pvi) := cert(i) for i ∈ I(c) and let y : I(c)→ R denote the coefficients of
the linear combination (µ,m, pv), meaning that we have ∑i yiµi = 0 and ∑i yimi  0
and ∑i yipvi ≥ 0. These conditions are invariant under scaling of y, so we may assume
wlog that yi ∈ Z for i ∈ I(c).

As we already noted, potential reachability depends only on the Parikh vector of the
transition sequence. So we will extend =⇒ to Parikh vectors by writing m pv==⇒ v for
pv ∈ NT if m σ=⇒ v for some sequence σ ∈ T ∗ with −→σ = pv. Note that m pv==⇒ v is thus
equivalent to m+∑

t∈T pvt∆(t) = v.
Recall that due to Definition 5.7, we have

IC (s0 + i) σi−→ Cγ + IC (i) πi−→ µi +mi (∗)

for every i ∈ I(c) and sequences σi, γi ∈ T ∗, where pvi = −→σi +−→πi .
Let us now define inputs a and b fulfilling the conditions of the Pumping Lemma

(Lemma 5.6). For a we simply pick any element j ∈ I(c) and set a := j. By (∗),
condition (1) of Lemma 5.6 holds for a and (µ, S) := (µj , c). It remains to prove (2).
Set b := ∑

i yi(s0 + i) and pv := ∑
i yipvi. Since ∑i yiµi = 0 and ∑i yimi  0 and∑

i yipvi ≥ 0, we have

IC (b) = IC
(∑

i

yi(s0 + i)
)

=
∑
i

yiIC (s0 + i) pv==⇒
∑
i

yi(µi +mi) =
∑
i

yimi  0

As mi ∈ Nc for i ∈ I(c) we get IC (b) ∗=⇒ Nc \ {0}. Transitions preserve the total number
of agents, so b > 0.

5.3. A Bound on the Length of Good QCT -sequences
We obtain a bound on the length of a good controlled QCT -sequence with control
parameters s0, α, β. More precisely, our goal is to prove the following theorem:
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Theorem 5.13. The length ` of a good QCT -sequence with control parameters s0, α,
and β satisfies

log ` ≤ (log β + 1 + α log(s0 + 1))(3 + α)|C|(2|Q|+|T |)

Observe that this is is purely combinatorial question, motivated by, but independent
from, population protocols.

Notation. We collect a number of notations used in the rest of the section.
• τ denotes a QCT -sequence with control parameters s0, α, β.
• c ∈ C denotes an arbitrary colour of τ .
• I(c) denotes the set of indices of the elements of τ of colour c.
• for any i ∈ I(c), qcti = (µi, c,mi, pvi) denotes the i-th element of τ .
• for any i ∈ I(c), ui denotes the concatenation of the vectors mi and pvi, for which

we use the notation ui =
(mi

pvi

)
.

• I∗(c) ⊆ I(c) denotes the the set of indices i ∈ I(c) s.t.
(ui
µi

)
is linearly independent

from {
(uj
µj

)
: j ∈ I(c), j < i}.

We proceed in several steps:
• In Section 5.3.1 we use Farkas’s Lemma to construct a certificate of goodness for a

colour c. A certificate of goodness is a mapping that assigns a real number, called
a weight, to each dimension of µi and ui. The mapping itself is called a weighting.
We show how to compute basic weightings as the unique solution of a system of
equations (Lemma 5.16).

• In Section 5.3.2 we bound the size of a basic weighting, and transform this bound
into a bound on the length of τ (Lemma 5.19). However, the bound still depends
on the size of the vectors ui, with i ∈ I∗(c).

• In Section 5.3.3 we remove this dependence and prove Theorem 5.13.

5.3.1. Certifying Goodness with Weightings

We start by formally defining weightings.

Definition 5.14. A vector (y, z), where y ∈ RQ and z ∈ RQ × RT is a weighting for the
colour c, also called a c-weighting, if z ≥ 0 and y>µi + z>ui = −(s0 + i) for all i ∈ I(c).

We now use Farkas’ Lemma to prove that the existence of a c-weighting is a certificate
of goodness for colour c.

Lemma 5.15. A colour c is good iff it has a weighting.

Proof. As stated in Definition 5.11, c is a bad colour iff

∃x ∈ RI(c) :
∑
i

xiµi = 0 and
∑
i

xiti ≥ 0 and
∑
i

ximi  0 (1)
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Let A1 := ((µ>i )i∈I(c))> be the matrix where column i is µi and A2 := ((u>i )i∈I(c))>.
Now (1) is equivalent to

∃x ∈ RI(c) : A1x = 0 and A2x ≥ 0 and
∥∥∑

i

ximi

∥∥
1 > 0 (2)

Recall that by the definition of a QCT -sequence we have 1>(µi +mi) = ‖µi‖1 + ‖mi‖1 =
s0+i. If we assume further that A1x = 0 and A2x ≥ 0 hold, we can simplify ‖∑i ximi‖1 >
0 as follows.

0 <
∥∥∑

i

ximi

∥∥
1 = 1>

∑
i

ximi = 1>
(∑

i

ximi +
∑
i

xiµi
)

=
∑
i

xi1>(µi +mi) =
∑
i

xi(s0 + i) =: b>x

where in the last step we define b ∈ RI(c) as bi := s0 + i for i ∈ I(c). Hence we now have

∃x ∈ RI(c) : A1x = 0 and A2x ≥ 0 and b>x > 0 (3)

Applying a variant of Farkas’ Lemma we can transform (3) into the system (4) that has
a solution if, and only if, (3) does not:

∃ y ∈ RQ, z ∈ RQ∪T : A>1 y +A>2 z = −b and z ≥ 0 (4)

The sequence τ is bad iff (1) is feasible. Moreover, (4) is equivalent to (y, z) being a
c-weighting.

A good colour may have multiple weightings, even an infinite convex set of weightings.
Similarly to basic solutions of a linear program, we introduce basic weightings of a colour,
whose size we will bound using simple linear algebra. Recall that I∗(c) denotes the set
of indices i ∈ I(c) s.t.

(ui
µi

)
is linearly independent from {

(uj
µj

)
: j ∈ I(c), j < i}. Two

properties of a basic weighting are of interest: (1) it is the unique solution of a linear
system of equations, and (2) it has at most |I∗(c)| nonzero components. The proof is a
straightforward application of well-known properties of linear inequalities, and is given in
the appendix.

Lemma 5.16. Let c be a good colour. Then there are Y ⊆ Q,Z ⊆ Q∪T with |Y |+ |Z| =
|I∗(c)| such that the system y>µi + z>ui = −s0 − i, for all i ∈ I∗(c), has a unique
solution y ∈ RY , z ∈ RZ , and (y, z) is a c-weighting. We refer to such a (y, z) as basic
c-weighting.

5.3.2. A first bound

The next step is showing that the existence of a basic weighting implies an upper bound
on the length of the QCT -sequence. We begin by showing a general bound on a unique
solution to a linear system of equations. Again, the proof is routine linear algebra, and
can be found in the Appendix.
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Lemma 5.17. Let Ax = b denote a linear system of equations with unique solution x,
where A ∈ Zd×d, and let g(i) ≥ log max{|Aij | : j} ∪ {|bi|} denote an upper bound of each
row i. Then log‖x‖∞ ≤W (g, d), where

W (g, d) := 2d−1 − 1 +
d−1∑
t=1

2d−1−tg(t) + g(d)

We now use the previous lemma to prove an upper bound on the components of some
c-weighting, for each colour c, based on the sizes of the linearly independent vectors
µi, ui with i ∈ I∗(c). To refer to these sizes, we set {l1, ..., ld} := I∗(c) with l1 < ... < ld,
and define gc(i) := log(‖µli‖1 + ‖uli‖1) for i = 1, ..., d. We remark that Definition 5.11
immediately gives the estimate gc(i) ≤ α log(li).

Lemma 5.18. For each colour c and d := |I∗(c)|, there is a c-weighting (y, z) with
log‖

(y
z

)
‖∞ ≤W (gc, d).

Proof. Lemma 5.16 allows us to construct a c-weighting as the solution to a specific
set of linear equations. In particular, we set A to the matrix with Aij := (µi)j for
i ∈ I∗(c), j ∈ Y and Aij := (ui)j for i ∈ I∗(c), j ∈ Z, and define b as bi = −s0 − i
for i ∈ I∗(c). Then A

(y
z

)
= b has as unique solution y ∈ RY , z ∈ RZ where (y, z) is a

c-weighting. Now our desired bound follows simply by applying Lemma 5.17. (Note that
|bi| = s0 + i ≤ (s0 + i)α holds.)

From this upper bound we can derive a bound on the length of the sequence (restricted
to a specific colour c), using that the weights for the ui must be nonnegative.

Lemma 5.19. For any colour c and d := |I∗(c)|, we have

log max I(c) ≤ log β +W (gc, d)

Proof. Let (y, z) denote a c-weighting fulfilling the bound of Lemma 5.18. Hence for
every i ∈ I(c) we have y>µi + z>ui = −s0 − i. We know that z>ui ≥ 0 as z, ui ≥ 0, so
i ≤ −y>µi − s0 ≤ ‖y‖∞‖µi‖1. By Definition 5.11, ‖µi‖1 ≤ β, which we can plug into the
bound of Lemma 5.18 to get the desired statement.

5.3.3. The final bound

The bound of Lemma 5.19 still depends on gc, i.e. the sizes of the elements with indices
in I∗(c). We now show how to move from this bound to the one of Theorem 5.13. The
proof that the expression of Theorem 5.13 is indeed a bound proceeds by induction on
d, i.e. assuming that the bound is correct when I∗(c) contains d linearly independent
vectors, we show that it remains correct when it contains d+ 1. For this, observe that in
controlled sequences a bound on the length of the sequence yields a bound on the size
of its vectors. So we use the sizes of the first d linearly independent vectors to derive a
bound on the length of the sequence until the (d+ 1)-th dimensional vector, which yields
a bound on the size of this vector.
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There is a slight complication in that the induction needs to be performed for all
colours at once, instead of separately for each colour. Our induction variable is thus the
total number of linearly independent vectors (of all colours) which we refer to as P . The
induction hypothesis also needs to be chosen carefully. We use that the upper bound on
max I(c) (from Lemma 5.19) is bounded by f(P ) for a suitable function f .

Theorem 5.13. The length ` of a good QCT -sequence with control parameters s0, α,
and β satisfies

log ` ≤ (log β + 1 + α log(s0 + 1))(3 + α)|C|(2|Q|+|T |)

Proof. Let dc := |I∗(c)| for c ∈ C and P := ∑
c dc. Note that P ≤ |C|(2|Q|+ |T |). We

will prove the stronger statement that Gc(dc) ≤ f(P ) for all colours c with dc > 0, where

f(P ) := (log β + 1 + α log(s0 + 1))(3 + α)P−1

Gc(r) := log β + 2r−1 +
r−1∑
t=1

2r−1−tgc(t) + gc(r)

This is a stronger statement due to Lemma 5.19 showing that log l ≤ Gc(dc) for some
colour c with I(c) 6= ∅ and thus dc > 0. The proof will proceed by induction on P .
In the base case we have P = 1 and thus gc(1) ≤ α log(s0 + 1) for each c ∈ C, hence
Gc(dc) ≤ f(1) (with dc ≤ 1).
For the induction step, let j := max⋃c I∗(c) denote the last index of any linearly

independent ui, i.e. the last index at which P increases; and let c denote the colour of j.
For all colours c′ 6= c, the value of Gc′(dc′) does not change, so the induction hypothesis
yields Gc′(dc′) ≤ f(P − 1) and thus Gc′(dc′) ≤ f(P ).

For colour c, we use the induction hypothesis to get log(j − 1) ≤ f(P − 1) and
Gc(dc − 1) ≤ f(P − 1). By Definition 5.11 the size of gc(dc) (i.e. the vector at index j)
can, using the former, be bounded as gc(dc) ≤ α log(s0 + j) ≤ α(f(P − 1) + 1). (Here we
used log(s0 + 1) ≤ f(P − 1) and log(a+ b) ≤ 1 + log a for a ≥ b.) This is then combined
with the latter:

Gc(dc) ≤ 2Gc(dc − 1) + gc(j) ≤ 2f(P − 1) + α(f(P − 1) + 1)
≤ (3 + α)f(P − 1) = f(P )

5.4. Putting Everything Together
Let us put all the pieces together. Let P be a leaderless protocol with n states computing
a predicate x ≥ η, and let s0 := (n + 1)723n be the constant of the Pumping Lemma
(Lemma 5.6). We prove η ≤ 222O(n)

. If η ≤ s0 then we are done. So assume that η > s0.
• Since P rejects inputs s0, s0 + 1, ..., η− 1, the certificate sequence Cert of Definition

5.7 has length ` = η − 1− s0.
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• By Corollary 5.10, Cert is a controlled QCT -sequence with set C := 2Q of colours,
and control parameters s0, α := n, and β = n22(2n+1)!+1. Further, by Lemma 5.12
Cert is good.

• By Theorem 5.12, the length ` of Cert satisfies

log ` ≤ (log β + 1 + α log(s0 + 1))(3 + α)|C|(2|Q|+|T |)

where |C| = |2Q| = 2n, |Q| = n, and |T | ≤ n4 (each transition consists of four
states). This expression is 22O(n) .

• So η = `+ s0 + 1 is bounded by 222O(n)
.

This yields a triple exponential bound on the busy beaver function for leaderless protocols
(see Lemma B.1 for the precise bound):

Theorem 5.20. BB(n) ≤ 222n+5 logn+2
, and thus STATE(n) ∈ O(log log logn).

6. Conclusion
We have obtained the first non-trivial lower bounds on the state complexity of popu-
lation protocols computing predictes of the form x ≥ η, a fundamental but very hard
question about the model. The obvious open questions are to close the gap between
the Ω(log log log η) lower bound and the O(log η) upper bound for the leaderless case,
and the even larger gap between O(log log η) and (roughly speaking), the Ω(α(η)) lower
bound for protocols with leaders, where α(η) is the inverse of the Ackermann function.
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A. Appendix
A.1. Proof of Lemma 5.5
Lemma 5.5. For every γ ∈ N there exists an s0 ≤ γn2n such that IC (s0) ∗−→ m for some
configuration m ≥ γ.

Proof. Let Qi := {q ∈ Q : IC (2i)→ q+m,m ∈ NQ} \Qi−1 for i = 1, 2, ... and Q0 := {x}
the set containing just the initial state. Intuitively, Qi contains the states reachable
starting with 2i agents, but not 2i−1. We know that each state is reachable from a
configuration IC (s) for some s ∈ N, so Q = ⋃

i≥0Qi.
It suffices to prove that Qi = ∅ implies Qi+1 = ∅, as then Q = ⋃n−1

i=0 Qi and each q ∈ Q
is reachable starting from IC (2n). Assume that this is not the case, i.e. there exists some
i and q ∈ Qi with Qi−1 = ∅ and IC (2i) σ−→ q +m for m ∈ NQ. We pick such a q which
minimises the length of σ.
This means that the last transition of σ is (q1, q2) 7→ (q, q3) for some q1, q2, q3 ∈ Q.

Additionally, q1, q2 /∈ Qi as they are reachable by a shorter sequence. But this implies
q1, q2 ∈

⋃i−2
i=0Qi, i.e. that q1 and q2 are each reachable from IC (2i−2). Hence IC (2i−1) ∗−→

q1 + q2 +m′ ∗−→ q + q3 +m′ for some m′ ∈ NQ, contradicting q /∈ Qi−1.
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A.2. Proof of Lemma 5.8
Lemma 5.8. Let Cert = cert(1)...cert(`) be the certificate sequence of P, where cert(i) =
(µi, Si,mi, pvi). We have ‖µi‖1 ≤ n22(2n+1)!+1, ‖µi‖1+‖mi‖1 = s0+i, and ‖µi‖1+‖mi‖1+
‖pvi‖1 ≤ (s0 + i)n for all i = 1, ..., `.

Proof. Let r := s0 + i. Since IC (s0 + i) ∗−→ µi +mi we have ‖µi‖1 + ‖mi‖1 = s0 + i = r.
Further, ‖µi‖1 ≤ n‖µi‖∞ ≤ β follows from Lemma 3.2. For ‖pvi‖1 we know that it is
the number of transitions of a shortest execution leading from IC (r) to µi +mi. Since
a shortest execution visits a configuration at most once, the length is bounded by the
number of configurations with r agents, which is equal to

(n+r−1
r

)
. Using r ≥ 3, n ≥ 2 we

obtain:

‖µi‖1+‖mi‖1+‖pvi‖1 ≤ r+
(n+r−1

r

)
= r+

n−1∏
j=1

r + j

j
≤ r+(r+1)rn−2 ≤ rn−2(2r+1) ≤ rn

A.3. Proof of Lemma 5.16
We need a well-known elementary result from linear algebra

Theorem A.1 ([26, Theorem 7.1]). Let m,n ∈ N, a1, ..., am, b ∈ Rn, and let t :=
rank{a1, ..., am, b} denote the dimension of the subspace spanned by a1, ..., am and b.
Then exactly one of the following holds.

1. b is a nonnegative linear combination of linearly independent a1, ..., am.
2. There is a c ∈ Rm with c>b < 0 and c>ai ≥ 0 for i = 1, ...,m, where c>ai = 0 for

t− 1 linearly independent ai.

The following is an immediate consequence:

Corollary A.2. Let A ∈ Rn×m and P := {x ∈ Rm : Ax = b, x ≥ 0} be nonempty. Then
it has a solution x ∈ P with at most n nonzero components.

Proof. Let ai denote the i-th column of A. If statement (2) of Theorem A.1 were to
hold, then for any x ∈ P we would have 0 > c>b = c>Ax where both c>A and x are
nonnegative. This is a contradiction, so (1) must hold instead, which directly implies the
desired statement, as A has at most n linearly independent columns.

Now we proceed to prove the Lemma.

Lemma 5.16. Let c be a good colour. Then there are Y ⊆ Q,Z ⊆ Q∪T with |Y |+ |Z| =
|I∗(c)| such that the system y>µi + z>ui = −s0 − i, for all i ∈ I∗(c), has a unique
solution y ∈ RY , z ∈ RZ , and (y, z) is a c-weighting. We refer to such a (y, z) as basic
c-weighting.
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Proof. By definition, y ∈ RQ, z ∈ RQ × RT is a c-weighting iff y>µi + z>ui = −s0 − i
for all i ∈ I(c) and z ≥ 0. We know that this system of linear inequalities is feasible as
a c-weighting exists, so its set of solutions does not change if we consider only linearly
independent rows, and we get y>µi + z>ui = −s0 − i for i ∈ I∗(c), z ≥ 0. The statement
then follows by considering a basic solution of the corresponding linear program.

For completeness, we provide an alternative argument involving Corollary A.2. Let y, z
denote a solution to the above system, A the matrix where the i-th row is [µi −µi ui] (i.e.
the concatenation of µi,−µi, ui) for i ∈ I∗(c), and set x := [y+ y− z], where y+, y− ≥ 0
are a decomposition of y into positive and negative components fulfilling y = y+ − y−.
Then Ax = b, where bi := −s0 − i. Applying Corollary A.2 we then find a solution
x with at most |I∗(c)| nonzero components. Picking an x with minimal number of
nonzero component, then yields corresponding y, z with a total of at most |I∗(c)| nonzero
components. We then define Y and Z as the support of y and z, respectively. If the
solution (y, z) is not unique, then it would also be possible to construct a solution (y′, z′)
and thus x′ with smaller support, but that would contradict our choice of x.

A.4. Proof of Lemma 5.17
Lemma 5.17. Let Ax = b denote a linear system of equations with unique solution x,
where A ∈ Zd×d, and let g(i) ≥ log max{|Aij | : j} ∪ {|bi|} denote an upper bound of each
row i. Then log‖x‖∞ ≤W (g, d), where

W (g, d) := 2d−1 − 1 +
d−1∑
t=1

2d−1−tg(t) + g(d)

Proof. We perform at most m − 1 iterations of Gaussian elimination to solve for p :=
arg maxi xi, the largest component of x (modifying A in the process). In iteration
i = 1, ...,m− 1, let v denote the i-th row of A. We know that v = 0 cannot occur, as A
has full rank, so either the only nonzero element of v is p and we solve directly for xp, or
we use v to eliminate one variable from the rest of A, taking care to leave only integer
elements. For example, to eliminate element i from another row v′, we would update
that row to viv′ − v′iv (similarly for the right-hand side b). Let

aij := log max {|Ajt| : t} ∪ {|bj |}

denote the logarithm of the maximum absolute value of the j-th row of the linear system
after iteration i, for j = 1, ...,m and i = 0, ...,m− 1. We then claim

aij ≤ g(j) + 2i − 1 +
i∑
t=1

2i−tg(t)

For i = 0, i.e. before the first iteration, this reduces to a0j ≤ g(j), which holds. Using
row i to eliminate an element from row j in iteration i means that we get 2aij ≤
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2ai−1,j 2ai−1,i + 2ai−1,i2ai−1,j , and therefore
aij ≤ 1 + ai−1,j + ai−1,i

≤ g(j) + 1 + 2 · (2i−1 − 1) +
i−1∑
t=1

2i−1−tg(t) +
i−1∑
t=1

2i−1−tg(t) + g(i)

= g(j) + 2i − 1 +
i∑
t=1

2i−tg(t)

As all coefficients remain integral during the computation, we finally have log‖x‖∞ ≤
ak−1,k, which is the bound we wanted to show.

B. Proof of the Final Bound
Lemma B.1. Let |Q| = n ≥ 2, |T | ≤ n4, s0 := (n+ 1)723n, ` := η − 1− s0, |C| = 2n,
α := n, β := n22(2n+1)!+1, and

log ` ≤ (log β + 1 + α log(s0 + 1))(3 + α)|C|(2|Q|+|T |)

Then
log log log η ≤ n+ 5 log(n) + 2

Proof. We write η0 := η and ηi+1 := log ηi, and set P := |C|(2|Q|+ |T |) = 2n(2n+ n4).
η1 = log(`+ 1 + s0)
≤ (log β + 2 + α log(s0 + 1))(3 + α)P

≤ (2(2n+ 1)! + log(n) + 3 + n log((n+ 1)723n + 1))(3 + n)P

≤ ((2n+ 2)! + 7n log(n+ 1) + 3n)(3 + n)P

≤ ((2n+ 2)! + 4n(2n+ 1))(3 + n)P (1)
≤ (2n+ 4)!(3 + n)P (log(n+ 1) ≤ n)

At (1) we use log(a+ b) ≤ log(a) + 1 for 0 < b ≤ a.
η2 ≤ log((2n+ 4)!) + P log(3 + n)
≤ (2n+ 4) log(n+ 3) + P log(3 + n) (n! ≤ (n2 )n)
= log(n+ 3)(2n(2n+ n4) + 2n+ 4)

Now we will use (2) log(a+ b) ≤ log(a) + b/ ln(2)a ≤ log(a) + 3b/2a for a, b > 0 and (3)
log log(n+ 3) ≤ log log(n) + 5

4 , where the latter is due to log log 5 ≤ 5
4 .

η3 ≤ log log(n+ 3) + log(2n(2n+ n4) + 2n+ 4)
≤ log log(n) + 5

4 + 12
40 + n+ log(2n+ n4)) (2), (3)

≤ log log(n) + 5
4 + 12

40 + 6
16 + n+ 4 log(n) (2)

≤n+ 5 log(n) + 2
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